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ABSTRACT 
We prove that an xo-quasinilpotent semigroup S of continuous positive linear operators on a locally 
convex solid Riesz space X has a common invariant subspace. Using this, a result which implies the 
main theorem of Abramovich, Aliprantis and Burkinshaw [J. Funct. Anal. 115 (1993) 418424] is also 
given. 
1. INTRODUCTION AND DEFINITIONS 
The invariant subspace problem for positive operators has been studied extensively 
by Y.A. Abramovich, C.D. Aliprantis and O. Burkinshaw (see [1-3]). The concept 
of an x0-quasinilpotent operator on a Banach lattice, which was introduced in [1], 
plays a primary r61e in their work. It reads as follows: 
Definition 1.1. An operator T on a Banach space X is said to be quasinilpotent at 
a non-zero xo if l imn~ II Tn (XO)II l/n = O. 
It has been proved in [5] that if T is a bounded operator on a Banach 
space X, then T is locally quasinilpotent at a non-zero x0 in X if and only if 
l imn~ If o Tn(xo)[ 1/n = 0 for each f ~ X*, where X* denotes the norm dual 
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of X. Following [5], we call an operator T on a Hausdorfftopological vector space 
X weakly quasinilpotent a xo ~ X if 
[f (Tn(xo))l 1/n ---> 0 
for every f E X', where X' denotes the topological dual of X, i.e., the set of all 
continuous functionals with respect o the linear topology of X. A collection S of 
bounded operators on a Banach space is said to be a (multiplicative) semigroup if 
for each pair S, T E S the operator ST also belongs to S. The above-mentioned 
result of [5] motivates the following concept which is useful in connection with the 
invariant subspace problem for operators on locally convex solid Riesz spaces. 
Definition 1.2. A semigroup S of operators on a Hausdorff topological vector 
space X is said to be (locally) x0-quasinilpotent at an xo ~ X if for every S 6 S 
the operator S is weakly quasinilpotent at xo. 
A subspace V ofa Hausdorfftopological vector space X is said to be invariant for 
a bounded operator T : X ~ X if T(V) _ V. V is called non-trivial if V ~ {0} and 
V # X. A subspace V of X is called a common invariant subspace (or, S-invariant) 
for a collection S of bounded operators on X if V is invariant for every S E S. 
We shall write X+ for the set {x E X I 0 ~< x} for a space X ordered with the partial 
order "<~ ". An element x of an Archimedean Riesz space X is called an atom (or, 
discrete) if the vector subspace generated by x is the (order-) ideal generated by 
the same element. An Archimedean vector lattice X is called discrete if the band 
generated by the atoms of X is X. It is well known that an Archimedean vector 
lattice X is discrete if and only if it is Riesz isomorphic to an order dense Riesz 
subspace of some Riesz space of the form ~1, where I denotes an index set [4, 
Theorem 1.78, p. 40]. We refer to [3] and [4] for the whole standard terminology 
and detailed information about locally convex solid Riesz spaces, respectively. 
2. MAIN RESULTS 
Throughout the rest of the paper, X will denote a discrete Archimedean locally 
convex solid Riesz space with dim(X) > 1, and xo will denote a non-zero element 
of X+. The proof of the following theorem isbased on the proof of the main theorem 
of[l].  
Theorem 2.1. Let S be an xo-quasinilpotent semigroup of continuous positive 
operators on X. Then S has a common on-trivial closed invariant ideal 
Proof. One can suppose that X is an order dense Riesz subspace of ]i~ 1 for some 
non-empty set I. Since X is order dense in ~i ,  for each i E I, the characteristic 
function X{i] of {i} is in X. One may choose j E I so that y = kx{j} <~ xo 
for some non-zero positive real number k. Moreover, one might suppose that 
k = 1 (otherwise, x0 can be replaced by ~x0). Let P : X --+ X be defined by 
P((xi)icl) =xjy .  Then, P is continuous. For every S 6 S, we have ot/> 0 and 
418 
f 6 X~_ such that P o S(y) = oty and f (y )  = 1. For every positive integer n, we 
then have 
0 <~ ctny= (P o s)n(y) <~ Sn(y), 
and applying f to this it follows that 
0 <~ ct <~ f(Sn(y))  1/n --+ 0 
as n ~ ~,  hence c~ = O, and the conclusion is that P o S(y) = 0 for every S ~ S. Let 
J be the closure of the ideal generated by the elements S(y) with S 6 S. Clearly J is 
S-invariant, and P = 0 on J, which implies that J ~ {0}. If J = {0}, then S(xo) = 0 
for every S 6 S, and one replaces J by the closure of the ideal generated by x0. The 
proof of the theorem is now complete. [] 
Theorem 2.2. Let S be an xo-quasinilpotent semigroup of continuous positive 
operators on X. Let T be a continuous operator on X such that [ T I is a continuous 
operator on X which commutes with every element of S. Let T be the semigroup 
generated by S and IT I. Then each element o f t  is quasinilpotent a xo. Moreover, 
T has a non-trivial closed invariant ideal in X. 
Proof. T consists of the ITI k o S, with k a non-negative integer and S 6 S. Write 
U = ITI k. Then we have, using that U o S = S o U, 
I (U 0 S)n(xo)l : Iun(sn(xo))l ~ lunl [Sn(xo)[. 
Furthermore, I un[ ~ I U I n. Therefore, taking the nth root, we obtain 
I(U o S)"(xo)] 1/" ~ IUI ISn(XO)[ 1In ~ 0 
as n --+ oo, which shows that U o S is quasinilpotent a xo. For the last statement, 
observe that, in the notation of the proof of Theorem 2.1, with S replaced by T, 
that i fx  belongs to the order ideal I generated by the R(y) such that R 6 T, then 
there exists a non-negative r al number ~., and finitely many Ri E T, such that Ixl ~< 
~" ~-~i Ri (y). But then 
IT(x)l ~ ITl(lx[) ~ x ~--~(ITI o Ri)(y) 
i 
and hence T(x) ~ I, because IT[ o Ri E T for every i. This shows that J is T- 
invariant. If S(xo) = 0 for every S 6 S, and ITl(x0) = O, then IT(x0)l ~< ITl(lx0l) = 
[Tl(x0) = 0 shows that T (x0) = O, and the closed ideal generated by x0 is the desired 
T-invariant non-trivial closed ideal in X. [] 
Considering Theorem 2.2, we have the following, which is the main result of [1]. 
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Corollary 2.3 (Abramovich-Aliprantis-Burkinshaw [1]). Let X be a discrete 
Banach lattice with order continuous norm, S and T be non-zero operators on X 
such that 0 <~ S, the module fTI exists and S is quasinilpotent a xo. Ifl T I S = S IT I, 
then T has a non-trivial closed invariant ideal. 
Proof. The semigroup .m/~ i = {ITI i o S m I m c N} is x0-quasinilpotent for each 
i = 0, 1 . . . . .  Then, by the previous theorem, T has a non-trivial closed invariant 
ideal. [] 
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